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(Q(R)), is correctly calculated for arbitrary i and j ;  how- 

N/2, is correctly calculated only if i and j are the end 
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ABSTRACT Light scattering measurement was performed on three monodisperse polystyrene samplss (M 
= 10 X lo3, 43.6 X lo3, and 180 X lo3) in cyclohexane in the temperature range from the theta point 8 to 
1 OC above the cloud point. From the data obtained the Flory-Huggins interaction parameter x was expressed 
as a function of temperature T, polymer volume fraction 4, and molecular weight M. This expression for 
x was extended to T below the cloud point to  calculate critical points, cloud point curves, and spinodals for 
a series of M values. Good agreement, certainly better than obtained by previous formulations, was found 
between the calculated results and some typical experimental data. The success is due primarily to  the 
formulation of the experimental finding that x at high concentration depends significantly on M, in contrast 
to  the usual concept on thermodynamic behavior of concentrated polymer solutions. 

This paper is concerned with a very basic but still less 
satisfactorily solved problem in polymer solution ther- 
modynamics. It is to establish the Flory-Huggins inter- 
action parameter x that allows quantitative and consistent 
prediction of phase relationships in strictly binary solutions 
consisting of a monodisperse polymer and a pure 
solvent-the simplest of polymer solutions. Much has been 
worked out over the past 3 decades to find such an ex- 
pression. Yet, the results obtained do not seem fully 
satisfactory.' This may be understood from the following 
brief, but somewhat biased, survey of previous studies 
which we believe have made substantial contributions to 
the problem concerned. 

In 1970, Koningsveld et a1.2 derived from critical point 
data for polystyrene in cyclohexane an empirical expression 

x = 0.2035 + 90.65T-' + 0.30924 + 0.1554& (1) 

for x at T below the theta point 8. Here, Tis  the absolute 
temperature and 4 the volume fraction of the polymer in 
the solution. It should be noted that eq 1 does not contain 

It is our great pleasure to dedicate this paper to Professor W. H. 
Stockmayer on occasion of his 70th birthday. 

the molecular weight M of the polymer as the variable. In 
1971, Scholte3 published an important experimental study 
in which he determined x for the polystyrene + cyclo- 
hexane system above and below 0 by light scattering and 
could represent the results in terms of an expression similar 
to eq 1 but different in that the coefficient of T' depends 
on M. Either eq 1 or Scholte's expression was less satis- 
factory, yielding spinodals significantly narrower than the 
observed ones. 

In a paper also of 1971, Koningsveld and Kleintjens4 
reanalyzed the above-mentioned critical point data, as- 
suming for x a closed expression as 

(2) 

where a, Poo, Pol, and y are constants. This approach, 
however, failed to achieve consistent agreement with ob- 
served spinodals for different molecular weight samples. 

It became evident from these studies that x depends on 
M as well as on T and 4 and that an M dependence must 
be taken into x for an accurate prediction of binodals and 
spinodals of polymer solutions. An interesting theory in 
this line of thought was presented by Koningsveld et aL5 
in 1974. Considering the well-known fact that the spatial 

x = a + (Po0 + POl7+')(1 - ?)/(I - rd2 
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distribution of polymer segments in a solution is inherently 
nonuniform at low concentrations and becomes uniform 
at  sufficiently high concentrations, these authors proposed 
to  write x as 
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The weight-average molecular weight M ,  was 10000, 43 600, 
and 180000 for the samples f l ,  f4, and fl8, respectively. These 
were obtained by light scattering in benzene at 25 "C, using the 
procedures established in this laboratory. 

Light Scattering Measurements. Intensities of light scat- 
tered by polystyrene + cyclohexane solutions were measured at 
angles between 30 and 150" in the range of polymer volume 
fraction 4 (see below for the definition of 4) from 0.02 to 0.2 for 
fl, from 0.01 to 0.225 for f4, and from 0.01 to 0.13 for fl8. A Fica 
50 light scattering photometer was used with polarized incident 
light of 546.1-nm wavelength. At each concentration the meas- 
uring temperature was lowered at appropriate intervals from 34.5 
"C (0) to a value about 1 "C above the cloud point: 34.5 - 10 
"C for fl, 34.5 -+ 15 "C for f4, and 34.5 - 24 "C for f18, each 
maintained to within 0.05 "C. Neutral-density filters were inserted 
when scattering intensities were too high. Either a polystyrene 
+ xylene solution or a glass block was wed as the working standard 
to determine transmittance of the filters and also to check the 
stability of the apparatus. 

The light scattering data were analyzed by using the well-known 
relationg for the excess Rayleigh ratio AR0 at the zero scattering 
angle: 

(4) K /  PRO = 41 /RT4)  ( d A f i o / d 4 ) ~ , ~  

where 

K = ( 4 ~ 2 n 2 / ~ A ~ 4 ) ( ~ n / ~ ~ ) 2 V o  ( 5 )  

Here, Apo is the excess chemical potential of the solvent, R the 
gas constant, n the refractive index of the solution, NA the 
Avogadro constant, X, the wavelength of the incident light, Vo 
the molar volume of the solvent, and anla4 the refractive index 
increment. Values of anla4 at various temperatures and con- 
centrations were computed by utilizing Scholte's equation9J1 
relevant to the present system: 

an/aw = no(T) + 0.070~ + 0 . 0 5 8 ~ ~  (6) 

with 

no(T) = (693.7 + 22') X 10" 

4 = [l + (V0/Mov,)(w-' - 1)l-1 (8) 

with Mo the molecular weight of the solvent and v the partial 

and 0.9343 cm3/g for vp, each referring to 25 "C. 
Preparation of Solutions. A given polymer sample was 

dissolved in benzene and repeatedly filtered through Millipore 
membranes until scattering from dust particles became unde- 
tectable by visual observation of the laser beam passing through 
the solution. The filtered solution was then freeze-dried in a vessel 
covered with a Millipore film. A proper amount of the dry polymer 
was placed in a cylindrical light scattering cell provided with a 
ground-glass stopper and again dried to remove traces of moisture. 
Carefully rectified cyclohexane was then poured into the cell in 
a drybag filled with nitrogen, and the cell was sealed. Great care 
was taken to prevent the test solution from being phase separated 
prior to each light scattering measurement. 

The polymer weight fraction w was calculated from the weights 
of the polymer and solvent used, and the polymer volume fraction 
4 was then evaluated by eq 8. 

Results 
Experimental Data. Figure 1 depicts the angular de- 

pendence of K / R o  for sample f4 a t  two largely different 
concentrations. The high-concentration data at each 
temperature in Figure la  can be fitted by a straight line 
and extrapolated to the zero scattering angle to evaluate 
K I M o  accurately. The low-concentration data in Figure 
1b also follow a straight line for temperatures higher than 
25 "C but begin deviating downward a t  small scattering 
angles when the temperature is lowered below 25 "C. The 
deviations become progressively more pronounced with 

(7) 

where the polymer weight fraction w is related to 4 by" 

specific volume of the polymer. We used 108.76 cm P /mol for Vo 

Here, xdil and xconc denote the x functions characterizing 
dilute and concentrated solutions, respectively, and Q 
denotes the probability that a small volume element in the 
solution is not pervaded by any polymer segments. In 
actual calculations, the x function predicted by the two- 
parameter theory of dilute polymer solutions was substi- 
tuted for Xdi] and the x function of Koningsveld and 
Kleintjens (eq 2) for xconc. Further, it was assumed that 
Q decays exponentially with d, a t  a rate proportional to 
iW/2. It should be noted that, in this "hybrid" approach, 
x depended on M through the terms Xdil and Q. In fact, 
a fairly good agreement was obtained between calculated 
and measured spinodal temperatures when the parameter 
governing the exponential decay of Q was properly ad- 
justed. To date, however, no corresponding comparison 
has been published with respect to binodal temperature. 

Recently, Fujita and Teramoto6 have described a dif- 
ferent approach to  the determination of x for strictly bi- 
nary polymer solutions. Assuming that eq 1 is valid at any 
T in regard to the concentration dependence of x, they 
estimated the temperature dependence of x at  T below T, 
(the critical temperature) from the phase equilibrium re- 
lation for the solvent component combined with cloud 
point data. The x function so obtained for the polystyrene + cyclohexane system yielded spinodals fitting closely 
experimental data over a wide range of M. It also yielded 
good agreement between calculated and experimental 
binodals (unpublished7). Nonetheless, as Helfand8 criti- 
cized, Fujita and Teramoto's approach is debatable, since 
it predicts such physically anomalous behavior that the 
temperature coefficient of x changes discontinuously at 
T = T,. 

Direct measurement of x is not feasible in the region of 
T and d, where phase separation takes place. Hence, x in 
this region must be estimated by extrapolating the data 
on one-phase solutions. Critical tests of the extrapolated 
x may be made by comparing the critical points, binodals, 
and spinodals calculated therefrom with accurate exper- 
imental data of these quantities. It is crucial for an ac- 
curate extrapolation to  measure x precisely down to a 
temperature as close to  the cloud point as possible. 
However, few experimental data meeting this requirement 
have been published to date. 

In this work, light scattering determination of x down 
to about 1 "C above the cloud point was undertaken on 
three monodisperse polystyrene samples in cyclohexane. 
The molecular weight dependence of x was inferred from 
the data obtained, and an empirical expression repre- 
senting x as a function of T,  4, and M was derived. With 
this expression, x below the cloud point was extrapolated 
to calculate critical points, binodals, and spinodals and the 
results were compared with typical experimental data. 

Experimental Section 
Polystyrene Samples. Standard polystyrene samples F1, F4, 

and F20, so designated by the supplier Toyo Soda Co., were 
divided into several fractions by fractional precipitation using 
the benzene + methanol system to sharpen further their already 
sufficiently narrow molecular weight distributions. The main 
fractions of F20 were further fractionated by the column elution 
method. In this way, three samples designated as f l  (from Fl), 
f4 (from F4), and f18 (from F20) were prepared for the present 
work. GPC measurements confirmed very narrow molecular 
weight distributions of these samples. 
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Figure 1. Angular dependence of K / R B  for sample f4 in cyclo- 
hexane at the temperatures indicated. The values of 4 in parts 
a and b are 0.07008 and 0.009902, respectively. 

decreasing temperature and approaching cloud point. This 
phenomenon probably reflects the occurrence of micro- 
phase separation, which triggers macroscopic phase sepa- 
ration of the solution. Because of these deviations the 
K/R8 data for temperatures below 15 O C  in Figure l b  were 
discarded and those at 15,18, and 20 "C were extrapolated 
to the zero angle as indicated by the dashed lines. 

Figure 2 shows the 4 dependence of -(1/RT)(dAbo/d4) 
for sample f4 calculated by substituting K I M o  data into 
eq 4. It  can be seen that a t  34.5 O C ,  -(l/RT)(dApo/d4) 
remains almost constant for relatively small 4 and then 
increases rapidly with 4. At lower temperatures, -(l/ 
RT)/(dApo/d4) decreases initially, passes through a min- 
imum, and increases monotonically with increasing 4. The 
common ordinate intercept of these curves gives the re- 
ciprocal relative chain length P' of the sample. Here, P 
is defined by 

p = (U,/Vo)M (9) 
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Figure 2. Concentration dependence of -( l/RT)(aAwc,/a@) for 
sample f4 in cyclohexane at the temperatures indicated. 

0.60 

0.56 

N 

0.56 

0.52 

0.54 

0.50 , 
0 0.1 0.2 

0 
Figure 3. Plots of 2 vs. 4 for sample f4. The temperature is 15, 
18, 20, 22, 25, 28, 30, 32, and 34.5 "C from top to  bottom. 

The P value obtained in this way was 86.0,375, and 1550 
for samples f l ,  f4, and f18, respectively. 

The initial slope of each curve in Figure 2 gives 2( Vo/ 
u,)A2, where A2 is the second virial coefficient of the 
system. Thus we find for sample f4 that A2 is essentially 
zero at  34.5 "C, as expected, and decreases monotonically 
with decreasing temperature. The curves of Figure 2 also 
indicate that -(l/R?")(aAp,,//a$) at fixed 4 decreases almost 
linearly with increasing T1. This behavior allows us to 
estimate with fair accuracy spinodal temperatures at which 
-(1/RT)(dAp0/d4) vanishes. 

Interaction Parameter. Substitution of the Flory- 
Huggins equation for Abo into eq 4 gives 
z = x + (1/2)(dX/d4)4 = 

P/U- 4) + 1/P4 - K/hRol/2 (10) 
Since all the quantities appearing in the last term of eq 
10 are experimentally measurable, light scattering mea- 
surement permits one to evaluate the parameter 2, but not 
x itself. 
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Figure 3 depicts the Z vs. @ plot for sample f4. Those 
for samples fl and fl8 were similar to this and hence are 
not shown here. The following features may be noted from 
Figure 3: (1) At  relatively high concentrations, i.e., 4 > 
0.1,Z at a fixed temperature increases with @ following a 
smooth curve slightly bent upward. (2) The Z curves for 
different temperatures are approximately parallel and their 
average slopes are not very different from 0.5 in the range 
of @ indicated. (3) In the region of high dilution, the Z 
curve begins to deviate upward from the smooth extension 
of its high-concentration branch when the temperature is 
lowered a few degrees below 34.5 "C, the 8 temperature 
of this polymer + solvent system. The upward bending 
becomes more pronounced with decreasing temperature. 

Data Analysis 

x(T,@;P) = 

Following Koningsveld et al.5 we approximate the terms 
Xdil and xconc in the brackets by their infinite-dilution 
values xodil(T;P) and xoconc(T;P) and assume Q to vary only 
with @/@*. Here, $* is the so-called overlap concentration 
and may be represented by 

Hybrid Theory. Equation 3 may be rewritten 

Xconc(T,@;P) + [Xdil(T,@;P) - xconc(T,@;P)IQ(T,@P) (11) 

4* = DF1/2 (12) 

with D being a parameter characteristic of the system 
under study. Unlike Koningsveld et we make no 
assumption for Q(@/@*), but it is worthwhile to note that 
mathematically Q approaches unity as 4 - 0 and physi- 
cally should decrease monotonically to zero with increasing 
4. 

Substituting eq 11 into eq 10 and using the approxi- 
mations introduced above, we obtain 

Z(T,4;P) = 

where 

zconc(T,$'y) + [Xod i l (CP)  - xoconc(T;P)IR(4/$*) (13) 

z c o n c  = Xconc + ( 1 / 2 ) ( h o n c / d 4 ) d  (14) 

Q(@/@*) + (1/2)(4/4*) dQ(4/4*)/d(4/4*) (15) 

lim zconc  = Xoconc(T;P) (16) 

Thus, when Zconc(T,4;P) is expressed as a function of 4, 
its @-independent term can be written xoconc(T;P). This 
quantity is treated as a parameter in the subsequent de- 
velopment, since its physical meaning is not always clear. 
We also note that R(@/@*) tends to unity as @ approaches 
zero. With these properties, it follows from eq 13 that 

R(4/4*) = 

It  follows from eq 14 that 

4-0 
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Hence, Xodil in eq 13 may be estimated by extrapolating 
Z vs. 4 plots to infinite dilution. In contrast to xoconc, this 
quantity has a definite physical meaning that 0.5 - X'dil 
varies linearly with the second virial coefficient of the 
system, with a proportionality coefficient essentially in- 
dependent of P.' 

When, as in the present analysis, no a priori assumption 
is made for the form of Q(@/$*) and hence of R(@/+*), 
there is no unique way of resolving measured Z into the 
"concentrated-solution" term Z,,, and the "dilute-solution" 
correction Zdil = (Xo& - xoconc)R(@/~*). This difficulty is 
the most unfavorable aspect of Koningsveld et al.'s hybrid 

0.49 
0 0.1 0.2 

9 
Figure 4. Plots of Y vs. Q for sample f4. The temperature is 15, 
18, 20, 22, 25, 28, 30,32, and 34.5 "C from top to bottom. Solid 
lines indicate the calculated values (see text for details). 

theory.5 In this work, we attempted to resolution invoking 
a working hypothesis which we believe seems reasonable. 
The actual process followed is illustrated below with the 
Z data for sample f4. 

Expression of 2 for Sample f4. Because of the 
above-mentioned feature (2) of our experimental Z vs. 4 
plots, it is advantageous to express Zconc as 

and determine f(T,@;P) from Z data at high concentrations. 
Substituting eq 18 into eq 13 and introducing Y defined 
as 

(19) Y = z - (1/2)4 

we obtain 

Y(T,4;P) = Ydil(T,$';P) + yconc(T,49) (20) 

where Ydil(T,4;P) and Ywnc(T,$;P) are defined, respectively, 
by 
Ydil(T,d;P) = [Xodil(T;P) - xo~onc(T?)]R(d'/$*) 

Yconc(T,4P) = Xoconc(T;P) + f (T,@;P) 

(21) 

(22) 

Figure 4 illustrates Y vs. 4 plots for sample f4. It is seen 
that Y exhibits a minimum at  any T indicated and that 
the minima at  different T are all located at  the concen- 
trations near @ = 0.1. This behavior of Y suggests that Y 
consists of two functions of 4, one decreasing and the other 
increasing monotonically with 4. It  is reasonable to assign 
the former to Yd, in view of the above-mentioned property 
of the function R(@/@*). Thus, the latter is here taken to 

The most serious question is the extent to which Ydil 

stretches to the region beyond the minima, but no definite 
information is yet available for answering it. Therefore, 
we here make an ad hoc assumption that Ydil sharply di- 
minishes to zero in the vicinity of each minimum point. 
This is equivalent to considering that the Y data for $ > 
0.1 in Figure 4 represent the behavior of YcOnc. Such as- 
signment of Yconc is simply a working hypothesis at the 
present stage of our knowledge. 

After several trials we found that an empirical equation 

(23) 

yields a close fit to Y(T,@;P) for 4 > 0.12 if appropriate 
values are assigned to xownc( T;P,) and b( T;P4) for different 
T, where P4 is the P value of sample f4. The best-fit values 

be Yconc. 

Y c o n c ( T , @ P J  = Xoconc(T;p4) + w4/[1 + b(TP4)421 
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Figure 5. Parameters xo (Tp) (upper panel) and b(T;P4) (lower 

ples: circles, f4; squares, fl; and triangles, fl8. Solid lines were 
calculated by eq 31 for xoconC and eq 24 for b(T;P4). 

of these parameters are shown by circular marks in Figure 
5. The lines fitting these marks are represented by 

b(T;P4) = 50.5 exp[-18(8/T - l)] (24) 

0.4930 + 0.345(8/T - 1) + 0.0029 exp[-30(8/T - l)] 

panel) plotted against T "p" . Various marks signify different sam- 

x O c o n c ( W 4 )  = 

(25)12 
where 8, the theta temperature of the system under study, 
is taken to be 307.65 K (34.5 "C). Reference is made later 
to the triangular and square marks along with the lines 
fitting them in Figure 5. 

By putting measured Y values and those of Ywnc(T,4;P4) 
calculated from eq 23,24, and 25 into eq 20, ydil(T,@;P4) 
was computed and then divided by X'di l (TP4) - 
x0,,,(Tp4). In so doing, eq 27, rather than extrapolated 

(see eq 171, was used for estimating xodfi(TP4). When 
the resulting R values for different T were plotted against 
4, the data points fell approximately on a single curve. As 
the best-fit line we chose one represented by 

R = exp(-204 - 215043) (26) 
The solid lines in Figure 4 show the behavior of 

Y(T,4;P4) calculated with eq 23 for Y,,, and eq 26 for R. 
Their fit to data points may be considered satisfactory, 
since the measuring accuracy of Y is f0.0005 at  best. 

Generalization. The next step is to incorporate the 
variable P in the expressions for Ydil(T,4;P4) and 
Ymnc(T,p;P4), using the 2 data on samples other than f4. 
Because of the very limited data available here, this op- 
eration inevitably involves a series of guess work. 

A. P Dependence of xodil. Our recent light scattering 
experiment led to an interesting finding that the second 
virial coefficient Az or equivalently the quantity Xodil for 
monodisperse polystyrene in cyclohexane below 8 is es- 
sentially independent of P,  at least in the range of T and 
P studied.13 This is illustrated in Figure 6, where the data 
points include five samples ranging in M from 1 x lo4 to 
50 x lo4. The line drawn in the figure represents 
Xodil(T) = 0.5 + 0 . 2 6 ( e / ~  - 1) + 4 . 6 ( 8 / ~  - 1 ) ~  (27) 

0,51!L- 0.50 3.3 3.4 3.5 0.50 
3.3 3.4 3.5 

(T+ /  K W O ~  

Figure 6. Parameter xodil plotted against T' for samples of 
different molecular weight indicated by different marks: (e) 10000 
(fl); (0) 43600 (f4); (0) 73700; (0) 180000 (fl8); (0) 498000. The 
solid line was calculated by eq 27. 

0 0.1 0.2 
0 

Figure 7. Plots of Y vs. 4 for sample f18. The temperature is 
24, 26, 28, 30, 32, and 34.5 "C from top to bottom. Solid lines 
indicate the calculated values (see text for details). 

Here, the variable P has been taken out of Xodil(T;P) to 
signify the condition that Xodil does not depend on P. In 
the ensuing analysis, eq 27 is used for calculating Xodil at 
any temperature either above or below the cloud point. It 
should be noted that eq 27 gives 0.26 for [dXodil/ 
d(8/T)]T=e, which is consistent with the value 0.25 de- 
duced for this "initial" slope using Miyaki and Fujita's 
results for the binary cluster integral above eel4 

B. P Dependence of R. If, as has been assumed at 
the beginning of this data analysis, R depends only on $/$* 
and $* varies linearly with P1/z, it follows that R($/$*) 
is a function of a single combined variable P1/2$. If this 
function is forced to agree with eq 26 for P = P4, we obtain 
for any P 

R($/$*)  = exp(-PW$ - 0.3P/2$3) (28) 
In what follows, we assume that this equation is applicable 
to any P. If this assumption is valid, it turns that the 
"dilute-solution" correction vanishes at a lower concen- 
tration as P becomes larger. 

C. P Dependence of Y,,, Figure 7 shows Y vs. 4 plots 
for sample fl8. These plots are similar in overall feature 
to those for sample f4 (Figure 4). The minima of Y here 
appear a t  concentrations lower than those in Figure 4, as 
expected from the above-mentioned P dependence of the 
function R($/$*). Comparison of Figures 4 and 7 reveals 
a more important difference: the behavior of Y beyond 
the minima, i.e., Y,,,, according to our interpretation, in 
Figure 7 cannot be described by eq 23 for Yconc(T,$;P4). 
This finding implies that Y,,, depends on P. A numerical 
adjustment of the term xoconc is not enough to account for 
this P dependence. 
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from this limited information. For this purpose we tried 
to modify eq 25 and found that an empirical expression 

45P2 + 0.0070) exp[-(4O - 520P2I3)(8/T - 111 (31) 

fits the three sets of data equally well. The three solid lines 
in the upper panel of Figure 5 confirm this finding. In 
what follows, we assume that eq 31 is applicable to any T 
and P. 

D. Proposed Expressions for Z ( T , d ; P )  and 
x (  T,&P). For convenience of the ensuing discussion we 
summarize here the important relations deduced from the 
above data analysis. 

xO,,~,(T;P) = 0.4930 + 0 . 3 4 5 ( 8 / ~  - 1) + ( - 0 . 0 7 5 ~ ~ 1 ~  - 

Our proposed expression for Z(T,$;P) is written 

Z(T,$;P) = Xoconc(T;P) + (1/2)4 + A(P)44/[1 + 
B(T;P)$21 + [xodil(T) - ~ ~ c o n c ( T ; P ) l R ( P " ~ d ~ )  (32) 

where xown,(T;P), xoa(T), and R(4/4*) are given by eq 31, 
27, and 28, respectively, and A(P) and B(T;P) are defined 
by 

A(P) = 1.4P1i3 

B(T;P) = 7P1/3 exp[-18(8/T - l)] (33) 

The sum of the first three terms on the right-hand side 
of eq 32 represents the "concentrated-solution" term Z,,,, 
and the last term the "dilute-solution" correction zdi1. It 
is important to note that Z,,,, depends on P, in contrast 
to the usual notion that thermodynamic behavior of con- 
centrated polymer solutions should be essentially inde- 
pendent of the molecular weight of the dissolved polymer. 

The definition of Z given by eq 10 allows x to be ex- 
pressed in terms of Z as 

x = (2/42) J'z4 0 d4 (34) 

Substitution of eq 32 into this relation yields 

x ( T , ~ ; P )  = xoconc(T;P) + (1/3)d~ + 
[A(P)/B(T;P)](42/2 - l/B(T;P) + In [l + 

B(T;P)421 /B(TP)2421 + [xodil(T) - ~ ~ c o n c ( T ; P ) l Q ( P ~ / ~ 4 )  

(35) 

with 

Q ( x )  = (0.754/x2)[1 - (1 + 1.875~ + 0 . 8 6 4 ~ ~  + 
0.5253~~) exp(-1.875x - 0.432~' - 0.175x3)] (36) 

Actually, eq 36 is an analytical fit to the numerically 
evaluated (2/x2).f3(x)x dx, with errors less than 0.5%. 

Discussion 
Our expressions for Z and x were formulated on the 

basis of experimental information on one-phase solutions. 
The question is whether they are capable of predicting 
observed critical points, cloud points, and spinodal tem- 
peratures with a satisfactory accuracy when extended 
smoothly to the region where phase separation takes place. 
This question should provide critical tests of the proposed 
expressions, since, as is well-known, phase equilibria of 
polymer solutions are very sensitive to the form of x as a 
function of T, 4, and P. 

Critical Points. The critical temperature T, and con- 
centration $, for a strictly binary solution consisting of a 
pure liquid and a monodisperse polymer with a relative 
chain length P can be determined from the set of relations' 

(37) 

(38) 

1/(1 - 4,) + l / ( P $ C )  = 2 4  

1/(1 - $,I2 - l / (P42)  = 2(aZ/a4), 

0.54 0'56r; 
> 0.52 

0.50 

0 0.1 0.2 
0.48 

0 
Figure 8. Plots of Y vs. q5 for sample fl. The temperature is 10, 
14, 18,22, 26,28, 30, 32, and 34.5 "C from top to bottom. Solid 
lines indicate the calculated values (see text for details). 

After some trials, it was found that Yconc(T,$;P18) (Pis 
is the value of P for sample f18) can be adequately de- 
scribed by 
Y c o n c ( T , $ P l J  = 

x o c o n c ( ~ P 1 8 )  + 10cd4/[1 + b(T;Pd)C$21 (29) 
if C is taken to be 1.60 and xown,(T;PI8) is chosen properly 
depending on T. The solid curves in Figure 7 show the 
Y vs. 4 relations calculated with eq 28 for R(4/$*) and eq 
29 for YCon,(T,~;Pl8). The chosen values of xocOnc(T;P1~) 
are plotted as triangular points in the uper panel of Figure 
5. The fit of the solid lines to data points in Figure 7 is 
not as good as in Figure 4 but may be regarded as en- 
couraging. 

On the basis of this result and hint by the fact that the 
chosen value of C (1.60) happened to equal (P18/P4)1/3, we 
boldly hypothesized that Ycon,(T,&P) for any P could be 
expressed by 
Yconc(T,@P) = 

X o c o n , ( W )  + 10(P/P4)1/344/ [ 1 + b(TP4"f'/~4)1/3~2] 
(30) 

with xo,,(T;P) as an adjustable parameter, and proceeded 
to test the hypothesis with the Y data for sample f l .  

The Y vs. 6 plots for sample f l  are depicted in Figure 
8. It is seen that the experimental data do not sufficiently 
stretch to the concentration region beyond the minima. 
Hence, these data are not useful for a straightforward 
testing of eq 30. However, this does not matter for the 
moment. The expression for Y( T,&P,) (P1 is the value of 
P for sample f l )  obtained with eq 28 for R(4/$*) and eq 
30 for YmnJ T,&P,) contain only one adjustable parameter 
xO,,,,( T;Pl). Trial-and-error operations were carried out 
to find X~, , (T~~) which allows this expression to fit the 
plotted points in Figure 8. The solid lines in this figure 
illustrate the best fit we could make. The chosen values 
of Xoconc(T;Pl) are shown by square marks in the upper 
panel of Figure 5. Except for the two lowest temperatures, 
the agreement between calculated and measured Y is as 
good as that seen in Figure 7. The appreciable disagree- 
ment in the low-concentration region at 10 "C indicates 
that R($/+*) given by eq 28 ceases to be adequate at such 
low temperatures. 

In Figure 5, we now have three sets of xO,,,(T;P) data. 
Our final task is to infer the T and P dependence of xoconc 
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Figure 9. Critical concentration & plotted against P I 3  for 
narrow-distribution polystyrene samples in cyclohexane: (0) 
Hashizume et al.;lB (0) Koningsveld et al.;2 (0) Kuwahara et al.;15 
(e) Nakata et al.leJ7 The solid line was calculated from eq 39 
and 40. 
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Figure 10. Reciprocal critical temperature TL1 plotted against 
P1lz for narrow-distribution polystyrene samples in cyclohexane. 
The indicated marks have the same meaning as in Figure 9. Solid 
and dashed lines were calculated from eq 39 and 40, using mo- 
lecular-weight-dependent and -independent ~,,,,, respectively 
(see text for details). 

where the subscript c signifies the value at  the critical 
point. Substitution of eq 32 yields 

4,2/2(1- 4,) + 1/(2p4c) = xomnc(TcP) - 1 / 2  + 
A(P)4,4/[1+ B(TcP)4,2I + [xodil(Tc) - 

xoconc (T,;P) IR (p1~24c) (39) 

4c(2 - 4,)/2(1 - 4,IZ - 1/(2P4,2) = 
2[2 + B(T,P)4,214,3/[1 + B(TcP)4,212 - 

P'/2[Xodil(Tc) - ~~conc(Tc$')I(l + 0.9P4,2)R(P"24,) (40) 

Note that these relations contain no adjustable parameter. 
The solid lines in Figures 9 and 10 show computed 4, 

and 7'~~ plotted against W3 and W2, respectively, and 
various circles indicate experimental data taken from the 
literature2J"" or determined in our laboratory.ls For both 
4, and Tc, favorable agreement is seen between calculated 
and measured values over the entire range of P examined. 
Deviations are less than i0.005 for 4c and i0.5 "C for T,, 
which may well be compared with uncertainties in the 
experimental determination of these quantities. 

If we had performed the experiment only on a single 
sample, say f4, and believed in the concept that thermo- 
dynamic properties of concentrated polymer solutions 

I 
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1 15 
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Figure 11. Cloud point curves (binodals) for narrow-distribution 
polystyrene in cyclohexane. Molecular weights of the samples 
are 1560000 (Nakata et al."), 498000 (Tsuyumoto et al.'?, 200000 
(Nakata et a1.16), 103000 (Hashizume et a1.18), and 45300 (Ha- 
shizume et al.18) from top to bottom. Solid lines show the results 
from the present calculation. 

should be essentially independent of P, we would have 
taken Ycollc(T,&P4) to be valid for any P and used it for 
calculating Tc and 4, as a function of P. The dashed line 
in Figure 10 illustrates the result obtained by such oper- 
ation, giving T, lower than those determined experimen- 
tally or estimated from the indicated solid curve. The 
deviations are greater for larger P, and at  the limit of 
infinite P the dashed line yields a T, of about 30.0 "C, 
which is 4.5 "C lower than the 8 temperature of the system 
under study. This limiting behavior of the dashed line is 
associated with the fact that, as can be seen from Figure 
5, xocon,(~;P4) - 0.5 vanishes at T = 30.0 "C. At any rate, 
the dashed line illustrates how subtly T, is affected by the 
dependence of Ym, or xconc on P. Though details are not 
shown here, 4, is sensitive to the concentration dependence 
of x itself. 

Binodals (Cloud Point Curves). Equation 35 for 
x(T,@;P) was substituted in the phase equilibrium relations 
for the solvent and the polymer, and binodals were cal- 
culated for several values of P. The results are depicted 
as solid lines in Figure 11, where the cloud point data 
obtained by Nakata et al.16J7 and in our 1ab0ratory'~J~ are 
included for comparison, 

I t  can be seen that the calculated binodals give misci- 
bility gaps quite favorably compared to the experimental 
results. The difference between calculated and measured 
cloud points is less than 1 "C in the ranges of 4 and P 
indicated. At the present stage, this degree of agreement 
may be regarded as sufficient, a t  least for practical pur- 
poses. 

Spinodals. Figure 12  shows spinodals calculated with 
Z given by eq 32 for several values of P and the corre- 
sponding experimental data.3~20J1 Here again, the agree- 
ment between calculated and measured values is quite 
good at  any P examined. I t  is comparable to what was 
found by Fujita and Teramoto? who adopted an empirical 
approach to x very different from ours described in this 
paper. I t  should be noted, however, that our expression 
for x is free from the physical anomaly involved in theirs. 
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Figure 12. Spinodals for narrow-distribution polystyrene in 
cyclohexane. Molecular weights of the samples are 520000, 
163 000,110 OOO, 51 OOO, and 43 600 from top to bottom. Open 
circles, S~holte;~ closed circles, Ohashi,20 half-filled circles, Kojima 
et al.21 Solid lines show the results from the present calculation. 

x at the 8 Point. The solid lines in Figure 13 illustrate 
xe (x at  the 8 point) calculated from eq 32 for four dif- 
ferent values of M ,  and the plotted points indicate mea- 
sured xe  on the corresponding samples (except for M = 
104).22 In this range of 4, the scatter of the plotted points 
is greater than or a t  least comparable with the difference 
among the upper three curves. Thus, as far as these ex- 
perimental data are concerned, we will almost surely miss 
the dependence of xe on M and conclude that xe is inde- 
pendent of M. In fact, no previous authors have ever 
pointed out a molecular weight dependence of xe. How- 
ever, the calculated curves in Figure 13 indicate that more 
accurate measurement should reveal this dependence. 

Concluding Remarks 
We have shown that our empirical expression for the 

Flory-Huggins interaction parameter x is able to predict 
almost quantitatively critical points, cloud points, and 
spinodal temperatures for a series of monodisperse poly- 
styrene samples in cyclohexane. No parameter adjustment 
was made depending on the quantity considered and the 
sample treated. The success is the outcome not from 
appropriate modifications of previous theories but from 
an attempt at describing light scattering data on one-phase 
solutions as accurately and consistently as possible as a 
function of T, 4, and P. The P dependence of xmn0 among 
others, is responsible for the achievement of major im- 
provements over previous results. Except a t  very high 
molecular weights, this dependence could be revealed by 
careful and precise experimentation. 

As long as no criterion is available for the resolution of 
x into xdil and xmno any formulations of x on the basis of 
the hybrid theory stand equal, and xmnc in one formulation 
may contain an appreciable contribution of what is as- 
signed to Xdil in another. Thus, one may criticize that the 
P dependence of our xconc is an artifact resulting from the 
particular type of resolution of x that was a priori chosen 
for our data analysis. A relevant answer to this could be 
obtained from light scattering measurements on solutions 
of concentrations much higher than those treated in the 
present work. However, in practice, such measurements 
are not always feasible, since high viscosities of the solu- 
tions make it extremely difficult to prepare uniform test 
solutions. At any rate, our approach presented in this 

rc” 
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Figure 13. Concentration dependence of xe for polystyrene in 
cyclohexane at the 8 point. The experimental points are due to 
Krigbaum and Geymer.22 Various marks represent different 
molecular weight: Open circles, 25 100, half-filled circles, 72 OOO; 
filled circles, 44OOOO. Solid lines indicate xe calculated by eq 35 
for M = 440 000, 72 000,25 100, and 10 000 from top to bottom. 

paper is only an example of a good many other means that 
can be worked out for a better and deeper understanding 
of the phase separation phenomenon in strictly binary 
polymer solutions. 

Registry No. Polystyrene (homopolymer), 9003-53-6; cyclo- 
hexane, 110-82-7. 

References and Notes 
(1) Kurata, M. “Thermodynamics of Polymer Solutions” (trans- 

lated from the Japanese by H. Fujita); Harwood Academic: 
New York, 1982. 

(2) Koningsveld, R.; Kleintjens, L. A,; Shultz, A. R. J .  Polym. Sci., 
Part A-2 1970,8, 1261. 

(3) Scholte, Th. G. J.  Polym. Sci., Part A-2 1971, 9, 1553. 
(4) Koningsveld, R.; Kleintjens, L. A. Macromolecules 1971, 4, 

637. 
(5) Koningsveld, R.; Stockmayer, W. H.; Kennedy, J. W.; 

Kleintjens, L. A. Macromolecules 1974, 7, 73. 
(6) Fujita, H.; Teramoto, A. In “Proceedings of MMI Symposium 

on Polymer Compatibility and Incompatibility”; Harwood 
Academic: New York, 1982; p 125. 

(7) Tsuyumoto, M. M.S. Thesis, Osaka University, 1983. 
(8) Helfand, E., p 138 of ref 6. 
(9) Scholte, Th. G. Eur. Polym. J .  1970, 6 ,  1063. 

(10) Scholte, Th. G. J .  Polym. Sci., Part A-2 1970, 8, 841. 
(11) Koningsveld, R. Thesis, Leiden University, 1967. 
(12) We confess that, in formulating this rather complex relation, 

preliminary data for xoeone on other samples were taken into 
account. 

(13) Tong, Z.; Ohashi, S.; Einaga, Y . ;  Fujita, H. Polym. J. 1983, il, 
835. 

(14) Miyaki, Y.; Fujita, H. Macromolecules 1981, 14, 742. 
(15) Kuwahara, N.; Nakata, M.; Kaneko, M. Polymer 1973,14,415. 
(16) Nakata, M.; Kuwahara, N.; Kaneko, M. J .  Chem. Phys. 1975, 

62, 4278. 
(17) Nakata, M.; Dobashi, T.; Kuwahara, N.; Kaneko, M. Phys. 

Reu. A 1978. 18. 2683. 
(18) Hashizume, J.; Teramoto, A,; Fujita, H. J.  Polym. Sci., Polym. 

Phvs. Ed. 1981, 19, 1405. 
(19) Tsuyumoto, M.; Einaga, Y.; Fujita, H. Polym. J., to appear. 
(20) Ohashi, S. B.S. Thesis, Osaka University, 1983. 
(21) Kojima, J.; Kuwahara, N.; Kaneko, M. J. Chem. Phys. 1975, 

63, 333. 
(22) Krigbaum, W. R.; Geymer, D. 0. J .  Am. Chem. SOC. 1959,81, 

1859. 


